We classify the permutation groups of cyclic codes over a finite field. As a special case, we find the permutation groups of non-primitive BCH codes of prime length. In addition, the Sylow p-subgroup of the permutation group is given for many cyclic codes of length p m . Several examples are given to illustrate the results.
In this paper we classify the permutation groups of cyclic codes. First we generalize the results of [4] concerning the doubly transitive permutation groups with socle P SL (d, q) to the non-binary case. Then we use the classification of the doubly transitive groups which contain a complete cycle, given by McSorley [21, 22] , and our previous results to determine the permutation groups in the doubly transitive cases. This allows us to determine the permutation groups of the BCH codes in the prime length case. Further, we give conditions on the primitivity of the permutation groups which are based on the underlying field and the length of the code. For many cyclic codes, we explicitly give the Sylow p-subgroups of the permutation groups in the primitive and imprimitive cases. This is done using some subgroups of S p m introduced by Brand [5] . Several examples are given to illustrate the results.
Preliminaries
Let F q be a finite field. A linear code C of length n over F q is a subspace of F n q . A vector x = (x 0 , . . . , x n−1 ) ∈ C is said to be a codeword of C. Let I denote the set {0, 1, . . . , n − 1}, and let S n be the symmetric group acting on I . Then S n acts naturally on a codeword of C as follows. If σ is a permutation of S n , then σ (x) = (x σ −1 (0) , . . . , x σ −1 (n−1) ), (x 0 , . . . , x n−1 ) ∈ C.
The permutation group of C is the subgroup of S n given by P er(C) = σ ∈ S n | σ (C) = C .
A linear code C over F q is cyclic if T ∈ P er(C), where T = (0, 1, . . . , n − 1) is a complete cycle of length n. If C is cyclic then P er(C) is a transitive group. The group AG(n) = {τ a,b : a = 0, (a, n) = 1, b ∈ Z n } is the subgroup of S n formed by the permutation defined as follows:
(1)
The group AG(n) is called the group of affine transformations. The affine transformations M a = τ a,0 are called a multiplier. The affine group AGL (1, p) is the group of affine transformations over Z p . The projective semi-linear group P Γ L(d, t) is the semi-direct product of the projective linear group P GL(d, t) and the automorphism group Z = Gal(F t /F p ) of F t , where t = p s , p prime, i.e.
The permutation groups of cyclic codes
A doubly transitive group G has a unique minimal normal subgroup N which is either regular and elementary abelian, or simple and primitive, and the centralizer of N in G is equal to C G (N ) = 1 [8, p. 202] . All simple groups which can occur as a minimal normal subgroup of a doubly transitive group are known. This result is due to the classification of finite simple groups [9] . Using this classification, McSorley [21] gave the following result.
Lemma 1 A group G of degree n which is doubly transitive and contains a complete cycle has socle N with N ≤ G ≤ Aut (N ), and is equal to one of the cases in Table 1 .
The arguments given in the following Lemma are similar to those for the binary case [4, Theorem E, Part 3].
Lemma 2 Let C be a non-elementary cyclic code of length n
t−1 over a finite field F q , where q = r α and t is a prime power. If the group P er(C) satisfies
, and P er(C) = P Γ L(d, t).
Proof Assume d = 2. As the group P GL(2, t) acts 3-transitively on the 1-dimensional projective space P 1 (F t ), we deduce from [22, Table 1 and Lemma 2] , that the underlying code is elementary, which is a contradiction. Hence d ≥ 3, and from [22, Table 1 and Lemma 2], it must be that since C is non-elementary, t must be equal to r a . Now let V denote the permutation module over F r associated with the natural action of Table 1 The doubly transitive groups that contain a complete cycle 
The following theorem establishes the permutation group of a non-elementary cyclic code of prime length over F q , where q = r α .
Theorem 3
Let C be a non-elementary cyclic code of length p over F q . Then P er(C) is a primitive group, and one of the following holds: (2, 11) and q is a power of 3. C is either the [11, 6] or [11, 5] code that is equivalent to the [11, 6, 5] ternary Golay code or its dual, respectively. (iv) P er(C) = M 23 and q is a power of 2. C is either the [23, 12] or [23, 11] code that is equivalent to the [23, 12, 7] binary Golay code or its dual, respectively. [24] proved that any cyclic code of prime length p over F p must be an MDS code equivalent to an extended ReedSolomon code. Berger [2] proved that the permutation group of such codes is the affine group AGL (1, p) . In the doubly transitive cases, as C is non-elementary of prime length p, by Lemma 1, Remark 1 and Lemma 2, we see that P er(C) is one of M 11 , with p = 11, P SL(2, 11) with p = 11, Table 1 , Lemma 2] C must be elementary, which is a contradiction. If P er(C) = P SL (2, 11) , from [22, Table 1 , Lemma 2 and (J)] q must be a power of 3, and there is a unique nonelementary code over F q contained in the dual of the repetition code. The [11, 5, 6] dual of the ternary Golay code is contained in the repetition code and has permutation group P SL (2, 11) ; its dual, an [11, 6, 5] code, intersects the dual of the repetition code in this [11, 5, 6] code and also has permutation group P SL (2, 11 
that if p is prime, then d must be a prime such that (d, r a − 1) = 1 and a = b d . The result then follows.
Remark 2 For p prime, the permutation group of a non-elementary BCH code of length p over F q is one of those listed in Theorem 3.
In Table 2 , we give examples of permutation groups of BCH codes of length p over F q . P er(C) (respectively P er(C 2 ) and P er(C 3 )), denotes the permutation group of the narrow sense (b = 1) BCH code with designed distance δ (respectively BCH code with designed distance δ and b = 2 and b = 3).
The following result is obtained by considering the permutation groups of cyclic codes of composite length.
Theorem 4 Let C be a non-elementary cyclic code over F r α of composite length. Then P er(C) is either
(i) an imprimitive group (in the case that n = p m , p a prime, the orbit of the subgroup generated by T p m−1 and its conjugate form a complete block system of P er(C));
Proof The group P er(C) contains a complete cycle and has composite degree. 
er(C).
In the doubly transitive case, we have from Lemma 1 that the only cases when the socle can be abelian are N = C p and N = C 2 × C 2 . In these cases, P er(C) must be equal to AGL (1, p) or S 4 , which is impossible. Since the socle is not abelian and the degree is not prime, this leads to the only solution given by row six of Table 1 in Lemma 1. Hence from Lemma 2, Part (ii) follows.
The permutation group of cyclic codes of prime power length
In this section, we consider the permutation groups of cyclic codes of length p m , where p is an odd prime. According to Brillhart et al. [6] , it is unusual to have z > 1.
Proposition 6
Let n = p m and q = r α a prime power with (q, n) = 1, and C a cyclic code of length n over F q . Let M q be the multiplier defined by M q (i) = iq mod p m .
Then the group P er(C) contains the subgroup K = T , M q of order p m ord p m (q).
Let p l , with l ≥ m be the p-part of the order of K. Then a Sylow p-subgroup P of P er(C) has order p s such that
Proof By the definition of a cyclic code, we have T ∈ P er(C). It is obvious that each cyclotomic class modulo n over F q is invariant under the permutation M q . This can be deduced from the fact that the polynomial
Thus M q ∈ P er(C). The order of M q is equal to ord n (q), hence K = T , M q is a subgroup of P er(C) of order n ord n (q). Since n = p m , the order of K has ppart p l with l ≤ m. Let P be a Sylow p-subgroup of P er(C) which contains T . Conversely, if P er(C) has Sylow p-subgroup P of order p m , we can assume that T ∈ P , which gives the equality P = T . Assume that in this case P er(C) is imprimitive. Then by [13, Theorem 33] , P is normal. P is then the minimal normal subgroup which is transitive and abelian. From [25, p. 17 
Example 1
The narrow sense BCH code of length 25 over F 3 with designed distance 3 has a permutation group which is the imprimitive group S 5 S 5 . The narrow sense BCH code of length 9 over F 5 with designed distance 2 has a permutation group which is the imprimitive group S 3 S 3 . The binary [7, 4, 3] Hamming code has permutation group P Γ L(3, 2), which contains a Sylow 7-subgroup of order 7.
We now give the Sylow p-group of P er(C) for several cases. Let p be an odd prime. For n < p − 1, we define the following subsets of S p m : The following lemma will be used later. Note that the proof is similar to that of [15, Lemmas 2.4, 2.5]. 
Lemma 8 If
1 ≤ n < p − 1, then (i) |Q n | = (p − 1)p 2m+n−2 and |Q n 1 | = p m+n . (ii) AG(p m ) = N S p m ( T ). (iii) N S p m (Q n 1 ) = Q n+1 . Proof For Part (i), by [5, Lemma 3.2], the map (a 0 , . . . , a n ) −→ f , where f (x) = n i=0 a i x i is injective if n < p − 1. Thus in Q n ,
Now we prove that AG(p m ) = N S p m ( T ). Let σ be an element of N S p m ( T ).
Therefore σ (k) = σ (0) + kj for any k ∈ Z n . Then (j, n) = 1 follows from the fact that the order of T equals the order of T j . Now we prove Part (iii).
As T ∈ Q n 1 , it must be that g ∈ Q n 1 . Since the order of g is equal to the order of T (which is p m ), from [ 
By [5, Lemma 2.1], we have
for 2 ≤ j ≤ n + 1. (2) We now compute g −1 hg in order to prove that it is in Q n 1 . This is given by
As p m−1 |g j for j ≥ 2, we have p m−1 |b k for k ≥ 2. Furthermore, p m−1 |h i for i ≥ 2, and thus (2), we obtain
As h Proof It is obvious that T ∈ Q 1 1 . By Lemma 8,
Lemma 9 Let
This proves that g −1 fg(x) ∈ Q 1 1 . Hence Q 1 1 is normal in Q 1 . Now let S be a subgroup of Q 1 of order p m+1 which contains T . Thus T has index p in S, and thus T is maximal in S. . Assume s ≤ p + m − 1, so that P contains a p-subgroup P of order p m+1 . By Theorem 10, we obtain P = Q 1 1 . Let j ≥ 1 be the largest integer such that Q 1 , which contradicts the choice of j .
